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Turbulent convection over a heated infinite horizontal plane is ideally characterized by updrafts and
downdrafts with no net mean motion, but a mean upslope �or anabatic� flow can be generated if the
plane is even slightly inclined. A study on the mechanism responsible for the generation of upslope
flow is described in this paper. When the heat flux is sufficiently large, the upslope flow becomes
turbulent and is signified by thermals rising from the surface and deflected upslope to feed into the
anabatic flow. It is argued theoretically and demonstrated experimentally that for a certain Prandtl
number �Pr� range the tendency for heated thermals to deflect and follow the slope is inversely
proportional to Pr and directly proportional to the inclination angle ���, and thus the critical angle
above which the upslope flow can be sustained is given by �c=c Pr, where c is a constant. This
finding can explain the existence of well-developed atmospheric �Pr�1� upslope flows above very
gentle slopes in areas of complex topography. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2775932�

I. INTRODUCTION

The world’s population centers are often located in to-
pography replete with mountains, valleys, escarpments, and
basins, commonly known as complex terrain. In the absence
of large-scale weather systems, flow in these areas is domi-
nated by diurnal variation of local solar heating, i.e., cooling
at night and heating during the day, which leads to two wind
systems: slope and valley winds, as indicated in Fig. 1. The
formation mechanisms and dynamics of downslope �ka-
tabatic� and down-valley winds occurring at night have been
well studied using laboratory and numerical modeling as
well as field studies,1–3 but the corresponding work on day-
time upslope �anabatic� and up-valley flows is lesser, perhaps
because their profound role in air pollution dispersion has
not been fully realized until recently. While nocturnal stable
flows trap pollutants close to the ground ��tens of meters�
and disperse horizontally via meandering motions, daytime
upslope convective flows mix pollutants over a greater
height ��1 km� and transport them over longer distances.
The latter mode of pollution distribution is crucial, given that
typical cities are located in plains surrounded by sloping ter-
rain and that upslope flows carry pollutants from urban/city
areas to suburban �elevated� mountain slopes with high-end
residential real estate.4,5 Field studies have shown that
upslope flows can effectively transport pollutants and their
precursors tens of kilometers within a day, causing pristine
suburban areas to bear the brunt of urban pollution.4–6 Cer-
tain pollutant precursors, while being transported by upslope
flow, collude with turbulent mixing and intense sunlight to
generate additional hazardous pollutants such as ozone.6 As

such, upslope flows are at the heart of contemporary urban
air pollution studies.

This paper deals with the generation of upslope flows, in
particular, the critical angle that is necessary to generate an
upslope flow in contrast to the genesis of classical up- and
downdraft dominated convection intrinsic to flat terrain. This
work complements our previous theoretical work on fully
developed upslope flows7 as well as a suite of observational
and numerical studies reported on upslope and up-valley
flows.8–13 A major contribution to the theoretical analysis of
the steady problem was made by Prandtl14 who derived pro-
files of wind and temperature for a given two-dimensional
uniform slope with a fixed surface temperature. Egger15 ex-
tended this analysis to the case of varying surface tempera-
ture along the slope. Although the simplified analysis of
Prandtl has been applied to real atmospheric situations with
the assumption of constant “eddy” coefficients, numerous
works7,16 suggest that this assumption is unjustifiable. Other
modeling approaches, including large eddy simulations
�LES� �Refs. 16 and 17� and phenomenological modeling
have been used with atmospheric applications in mind. For
example, Vergeiner and Dreiseitl18 considered the energy
balance in a valley and associated slope flow to derive an
expression for the upslope volumetric flow rate. Hunt et al.7

presented a theoretical analysis on the mean upslope velocity
and flow structure. Only a handful of laboratory experiments
have been reported on upslope flows.19–21

To explain the generation of up-valley flows,
Whiteman1,2 considered the simple topographic configura-
tion of a valley adjacent to a plain �e.g., Fig. 1�. He argued
that the daytime temperature of the valley should be higher
than that of the contiguous plane because of the low air vol-
ume containing in the former �for a given solar insolation�,
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which causes a hydrostatic pressure differential to build up
and drive the up-valley flow. Rampanelli et al.22 demon-
strated that upslope flow along the valley walls can amplify
this pressure difference, thus pointing to the importance of
the interaction between slope and valley flows. Although
general dynamical aspects of upslope flow phenomena have
been well studied2,7,19,23 and it is known that plumes above
sloping boundaries bend along-slope rather than rising
vertically,24 no explicit theoretical formulation is available to
describe the genesis of upslope flows nor have there been a
reported criterion to ascertain whether heating of a given
slope can produce an upslope flow.

As an antecedent to the development of a theoretical
model, herein we propose a mechanism for the formation of
slope flows on an inclined plane subjected to surface heating.
As argued by Howard25 and demonstrated in laboratory
experiments,26,27 high Rayleigh number �Ra� turbulent ther-
mal convection on a horizontal plane is initiated via thermals
�heated blobs� rising vertically due to sporadic breakdown of
the thermal boundary layer; see Fig. 2�a� �all photographs

were taken from our experiments, see Secs. III and IV�.
When the plane is inclined, however, a horizontal pressure
gradient can be developed across rising thermals, causing
them to cling on to the surface �Coanda effect28�, thus de-
flecting the thermals upslope �Fig. 2�b��. By considering two
competing tendencies, one responsible for the vertical rise of
thermals and the other favoring along-slope sliding, a phe-
nomenological criterion is advanced in Sec. II to predict the
conditions under which upslope �anabatic� flow prevails over
rising thermals. The main interest is on high heat-flux �or
turbulent convection� conditions with possible applications
to atmospheric convection in complex terrain. The flow con-
figuration in point is simple, in that the fluid is neutrally
stratified �homogeneous�, the slope is constant and smooth
and the heat flux is stationary and spatially uniform. Labora-
tory experiments to verify theoretical predictions are de-
scribed in Sec. III. The results of the experiments are given
in Sec. IV, followed by a summary in Sec. V.

II. THEORETICAL ANALYSIS

As the base case, consider turbulent convection over a
horizontal heated plate, as shown in Fig. 3�a�. According to
the classical model proposed by Howard,25 turbulent convec-
tion on a flat surface is maintained by the development and
breakdown of a molecular boundary layer near the surface.
The thickness � of this boundary layer grows with time t

FIG. 1. �Color online� A schematic of slope and valley wind systems.

FIG. 2. �Color online� �a� Experimental visualization of convection above a
horizontal heated plate. Updraft and downdraft regions are marked. There is
no mean flow along the plate. �b� Experimental visualization of convection
above the sloped heated plate. Thermal blobs are sliding along the plate
forming the mean upslope motion.

FIG. 3. �a� Development of the thermal blob on the uniformly heated hori-
zontal plate: �I� initial thermal boundary layer; �II� instability �thermal blob�
appears and starts to grow; �III� fully formed thermal blob; �IV� after reach-
ing critical size blob detaches and starts vertical rise. Presented on the sche-
matic are surface heat flux Q, buoyancy force B, and the blob size �. �b�
Development of thermal blob on a uniformly heated inclined plate: �I� initial
thermal boundary layer grows and slides upslope; �II� instability �thermal
blob� appears, starts to grow and continues sliding upslope; �III� thermal
blob keeps on growing and sliding; �IV� after reaching a critical size and
traveling a certain upslope distance the blob detaches and starts its free rise.
Presented on the schematic are surface heat flux Q, buoyancy force B, pres-
sure force P, slope angle �, and the blob size �.
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according to ��c1��t�1/2, where c1 is a constant of the order
one and � the thermal diffusivity, and then breaks down to
form rising thermals �heated mushroom-like fluid blobs;
Figs. 2�a� and 3�a�� after reaching a critical Rayleigh number

Rac =
g��T�c

3

��
� 103, �1�

where g is the gravitational acceleration, � is the thermal
expansion coefficient, �c is the limiting value of � at the
breakdown, �T is the temperature difference between the
thermal and �reference� background fluid of density �0, and �
is the kinematic viscosity. The density of the fluid is ex-
pressed using the equation of state �=�0�1−��T�. Upon re-
moval of boundary-layer fluid via rising �detached� thermals,
a new boundary layer is formed, and the sequence of growth/
breakdown events continues, intermittently releasing buoy-
ant thermals that feed into convection.

Conversely, for the case of an incline, there are two ma-
jor driving forces: buoyancy force that drives the flow verti-
cally upward and horizontal pressure gradient that causes
flow to cling on to the inclined surface and slide along it
�Fig. 3�b��. The ratio of these forces is expected to determine
whether the thermals detaching from the boundary layer rise
vertically �Figs. 2�a� and 3�a�� or slide along the incline to
support upslope flow �Figs. 2�b� and 3�b��. Experiments �see
Sec. IV and Figs. 2�b�, 7, and 9� show that in the latter case
the thermals travel along the slope for some distance and
then detach to feed into to the turbulent anabatic layer. Note
that the molecular diffusive thermal boundary layer just
above the incline is different in character from the overlying
turbulent boundary layer, and thermals from the former help
drive the latter. For the case of typical fully developed tur-
bulent convection in the atmosphere, the role of these thin
molecular boundary layers is insignificant given that rough-
ness lengths outweigh the molecular layers. At the onset of
convection, however, molecular-diffusive layers may still
play a role.

A schematic of buoyancy B and pressure gradient
�−�p /�x� forces acting on a turbulent thermal on an incline is
shown in Fig. 4. Initial motion inside the thermal boundary
layer �Fig. 3�b�� is determined by a balance between viscous
and buoyancy forces,

�
Ūb

�2 � �g�T� , �2�

where Ūb is the averaged along-slope flow velocity and � is
the slope angle �which is considered to be small such that
sin ����. Note that the symbol � is used to denote the
order of magnitude estimate. In Eq. �2�, it is assumed that the
momentum and thermal boundary layers are on the same
order ���, and thus Pr1/2�1. The heat balance in the bound-
ary layer takes the form

Qt � cp�0�T� , �3a�

where t is the time, Q is the bottom heat flux, and cp is the
specific heat. This energy balance can be expressed via buoy-
ancy flux as

q0t � g��T� , �3b�

where q0 is the buoyancy flux at the bottom boundary, q0

=�gQ /�0cp. From Eqs. �2� and �3b�, Ūb can be expressed as

Ūb � �
q0t�

�
. �4�

The time scale over which the blob will travel along the
slope before it separates thus can be estimated from Eqs. �1�
and �3b� as

tc � c1
−1�Rac �

q0
�1/2

, �5�

where in the initial stages of flow development the thermal
layer depth grows according to ��c1��t�1/2. The length of
travel before the detachment occurs can be estimated as

L � 	
0

tc

Ūbdt �
2

5
c1

−3/2�
Rac

5/4

Pr1/2 ��3

q0
�1/4

, �6�

which is on the order of several centimeters. These motions
set the wall conditions for the upslope flows, and thermals
emanating from this upward sliding molecular-diffusive
layer deflect and provide forcing for the upslope turbulent
flow. The rising thermals are expected to be deflected to-
wards the slope by horizontal pressure gradients arising from
asymmetric entrainment of background fluid into them.

The buoyancy force B associated with the thermal can be
estimated as

B � ��0 − ��g�3 = �0�g�T�3, �7�

where the size of the blob is taken as the boundary layer
thickness.29 Assuming the same entrainment flow rate into
the blob from the up and downslope facing sides, the pres-
sure force P can be written as

P � �p�2 � �0�u1
2 − u2

2��2, �8�

where u1 and u2 are the entrainment velocities from the sides
of the thermal as shown in Fig. 4 and �p is the pressure
differential across the blob. The pressure gradient can be
estimated based on the above assumption that detaching ther-
mals entrain the same total volume of fluid from all direc-
tions, and hence the characteristic entrainment velocity of the

FIG. 4. A schematic of the thermal blob at the detachment from the inclined
surface. Note the vertical buoyancy force, B, and horizontal pressure gradi-
ent force, P, which is a consequence of the asymmetric fluid entrainment
into the blob. The entrainment velocities from the down-facing �u2� and the
up-facing �u1� sides of the blob are also illustrated.
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downslope facing side of the thermal �u2� is lower than the
upslope facing side �u1�, viz.,

U�2 � u1�2�1 − �� = u2�2�1 + �� , �9�

where U is the characteristic velocity of the entrainment flow
based on total entrainment due to rising thermal. The hori-
zontal pressure differential, thus, can be scaled as

�p � �0U2� , �10�

which gives

P � �p�2 � �0U2��2. �11�

The characteristic velocity of the entrainment flow into
the thermal at the detachment can be scaled as U��c / tc.
Using Eqs. �3a�, �1�, and �5�, �c can be expressed as �c

��c1
2 Rac�1/4��2v /q0�1/4 and U as U��c1

6 /Rac�1/4��2qo /��1/4.
Using Eqs. �1� and �7�, the buoyancy force can be expressed
as

B � �0 Rac �� , �12�

and similarly from Eqs. �11� and �5� the pressure force can
be expressed as

P � c1
4�0��2. �13�

The ratio of these two forces in vertical and horizontal direc-
tions, respectively, can be written as

B

P
� �Rac

c1
4 �Pr

�
. �14�

The ratio B / P is expected to determine whether the de-
taching thermals rise vertically or cling on and flow along
the slope. The upslope flow is possible, say, for B / P�	,
where 	 is a critical value, and thus the critical angle above
which a sustained upslope flow is possible is given by �c

=c Pr. Here c is a constant that is comprised of all propor-
tionality constants used; given the exponents and the nature
of the proportionality constants involved, it is not expected
to be of order unity. Note that this formulation is only valid
for sufficiently high heat fluxes where the flow breaks down
into sustained turbulence from the very inception �i.e., appro-
priate Rayleigh numbers are much higher than that is re-
quired for linear stability�. A laboratory experiment designed
to verify this formulation is described below.

III. EXPERIMENTAL SETUP

The experiments were carried out in a tank with a cross
section of 60
60 cm and a depth 70 cm, constructed with
Plexiglas sidewalls �1.25 cm thick� and an aluminum bottom
�1 cm thick�; see Fig. 5. The heating system lay beneath the
aluminum plate and consisted of a custom designed heating
pad insulated from below by two layers of 1.25 cm marso-
nite sheet, a single layer of 2.5 cm thick foam insulation, and
a 0.8 cm thick aluminum base plate. Insulation from the
sides was provided by 2.5 cm foam sheets. A removable win-
dow in the sidewall insulation allowed optical access to vi-
sualize the flow. The heating pad was custom designed by
Watlow, Inc. and consisted of an array of closely spaced
heating wires embedded in a conducting seating �base� ma-

terial, the maximum total heat output being 1 kW/m2. The
heat flux was regulated using a rheostat. The slope angle of
the bottom heating plate was realized by uniformly elevating
one side of the tank using a precision adjustable jack. The
beam of a small laser diode attached to a tank wall, parallel
to the slope, was projected on to a screen placed 2 m from
the tank, and the position of its image was used to measure
the inclination of the heating plate. The resolution of incli-
nation measurements was 0.125°. In the experimental plan-
ning, the apparatus was tested to ensure uniformity of tem-
perature distribution along the slope. It is noteworthy that an
apparatus designed with a longer slope length of 2 m and
heating provided by a heat exchanger had to be abandoned
due to failure of realizing temperature uniformity along the
slope. The rheostat was calibrated by measuring the tempera-
ture rise of a 15 cm layer of water in the tank over a time
period of 30 min, in the absence of the slope. Here the heat
input was calculated considering the energy balance of the
water layer and losses �which were estimated using the tech-
nique used by Voropayev and Fernando,30 to be less than
±4%�. These measurements agreed within ±6% with inde-
pendent flux measurements made using a heat flux meter.

A glycerin and water mixture was used as the working
fluid, allowing a wide range of Prandtl numbers by changing
the mixture composition. The typical averaged fluid depth
was �50 cm. The dependence of Prandtl number of the
glycerin-water solution on temperature was determined using
the regression analysis results given by Shankar and
Kumar.31 Suspended particles of different densities and fluo-
rescent dye were used to visualize the flow. Once the tank
was at the desired inclination angle, enough time was al-
lowed for the fluid to settle to a state of practically no re-
sidual motion, and then the bottom heating was initiated. A
CCD camera and a SVHS/VCR recorded the motion field in
the tank. The particle paths so recorded were digitized and
analyzed using the DigImage software package.32 The heat
input during most of the critical-angle experiments was fixed
at 1000 W/m2 to ensure turbulent motion.

For the purpose of quantifying the observations, the
critical slope angle ��c� was defined as a limiting value of
the slope inclination angle � below which upslope flow is

FIG. 5. A schematic of the experimental apparatus.
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not discernible, i.e., vertical rising of thermals dominates the
flow. For each mixture of water and glycerin, an initial ex-
periment was performed using a large slope angle where
well-developed upslope motion existed. This experiment was
then repeated, but with a 0.125° reduction of the slope angle,
until mean upslope flow was no longer dominant over verti-
cal rising of thermals. Several more experiments were con-
ducted with subcritical and supercritical slopes to ensure the
accuracy of �c. Separate detailed flow visualization experi-
ments were performed to delineate the mechanisms of blob
growth. In these experiments homogeneous salt water of
density 1.035 g/cm was used and fluorescent dye was slowly
injected onto the incline. In both types �aqueous glycerin and
salt water� of experiments, particles in the flow were illumi-
nated using a 2 mm thick light sheet entering through a slit
from the top opening of the tank. Particle paths recorded
were later evaluated to determine the velocity structure near
the heated wall.

IV. EXPERIMENTAL RESULTS

Figure 6 shows the formation of a single thermal on a
horizontal surface, as visualized by placing a thin sheet of
fluorescent dye on the heating surface at the start of the ex-
periment. Note the formation of thermal due to the break-
down of the near-wall thermal boundary layer, as discussed
in Sec. II. Figure 7 shows a sloping counterpart of the above
experiments. Careful observations show that the initial de-
velopment of thermals is much the same as in Fig. 6, but
with time the thermals grow asymmetrically. The corre-
sponding velocity vectors are shown in Fig. 8, where the

velocity field associated with conventional thermals and the
upslope flow are evident; these are the type of plots used for
ascertaining the presence of upslope flow and hence in de-
termining �c.

The experiments showed that, from the very beginning
of its formation, the blob is following the slope. This can be
attributed to the sliding of the buoyancy induced blobs along
the slope according to Eq. �2�. The flow appears to be lami-
nar. If the heat flux is strong enough to drive the turbulent
flow, then the blob, while growing, is advected by this lami-
nar upslope flow and then detaches from the heated surface
after traveling a length given by Eq. �6�. These detached and
deflected blobs contribute to the maintenance of turbulent
upslope flow. Figure 9 shows the initial development of the
thin boundary layer that slides along the slope, the emer-
gence of blobs from this layer and their detachment as rising
thermals which carry heat �buoyancy� from the heated plate.

In experiments with very high Pr ��20, even with a heat
flux of 1000 W/m2� or with very low heat flux, although an
upslope flow is present, the vigorous thermal activity is es-
sentially absent, as indicated in Fig. 10 for heat flux Q
=30 W/m2 and Prandtl number Pr=10. Owing to the lack of
distinct blob formation, the expression �14� is not expected
to hold for this case. One may argue that the disappearance
of blob formation is related to both the heat flux �intensity of
turbulent flow� and Pr, but the effect of the former was not
systematically investigated in the present study. A further
discussion on this aspect is given in Sec. V.

A large number of experiments were conducted covering
a substantial Prandtl number range, from 6 �pure water� to
9500 �pure glycerin�, and for each case �c was determined.

FIG. 6. �Color online� The formation of thermals on a heated horizontal
plane �Q=500 W/m2�.

FIG. 7. �Color online� Thermal formation on an inclined surface ��=3°,
Q=500 W/m2�. The picture was taken 1 min after initiation of heating.

FIG. 8. Turbulent convection-instantaneous velocity and vorticity fields ��
=3°, Q=300 W/m2, Pr=10� taken 1 min after the initiation of heating.

FIG. 9. �Color online� The formation of thermals on a sloping plane ��
=3°, Q=1000 W/m2�. Pictures were taken 2 s apart.
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An error analysis was also conducted by considering the un-
certainties of temperature dependence of Pr and the measure-
ments of heat flux and angle. The results of �c as a function
of Pr are shown in Fig. 11. Figure 11�a� shows results for
Pr�20 and a heat flux range of 0.7–1 kW/m2 �which en-
sured that blob formation and growth preceded the upslope
flow�. Note the proportionality between �c and Pr with a
proportionality constant of c�3
10−3 for Pr�20. Figure

11�b� presents the whole range of Prandtl numbers investi-
gated for runs conducted with 1 kW/m2 heat flux. At larger
Pr�20, �c=c Pr does not hold, whereas the flow was more
streamlined without any observational evidence of thermal
detachment �Fig. 10�. In this case, the mechanism considered
in Sec. II is not expected to be valid.

V. SUMMARY AND DISCUSSION

The aim of this study was to investigate the critical slope
angle above which an upslope flow is initiated above a slop-
ing, uniformly heated flat surface. Simple scaling arguments
showed that the ratio of vertical to horizontal forcing on
isolated thermals developing on the heated surface is propor-
tional to the Prandtl number �Pr� and inversely proportional
to the slope angle ���, and thus the critical slope �c beyond
which a turbulent upslope flow can be sustained is given by
�c=c Pr, where c�3
10−3 is an empirical constant. This
prediction was verified using laboratory experiments,
wherein a wide range of Prandtl numbers was achieved using
different water-glycerin solutions. The slope angle � was
systematically changed, the bottom heating was kept uni-
form, and the heat flux was maintained sufficiently high to
achieve turbulent flow conditions. The initial flow develop-
ment was visualized using dye and quantitatively measured
using a DigImage �Ref. 32� particle tracking velocimetry
�PTV� system.

Observations showed that upon the introduction of sur-
face heating a thin, laminar-like, upslope layer is formed,
followed by the formation and growth of thermal blobs. It
was found that for the heat fluxes used ��1 kW/m2� the
thermal growth mechanism is active at the onset of upslope
flow only when Pr�20. This observation is consistent with
the fact that the model developed is valid only when the
momentum and thermal boundary layer thicknesses are on
the same order or Pr1/2�1. At larger Prandtl numbers, the
momentum boundary-layer thickness is larger than the ther-
mal layer, and the velocity shear above the thermal boundary
layer can modify the thermal blob formation mechanism.
Note that turbulent convection driven by thermal blobs
occurs33 only when the flux Rayleigh number, Raf

=q0H4 /�2�, where H is the depth of the fluid layer, exceeds
a critical value ��108�, and this criterion is satisfied in our
laboratory experiments. Typical heat fluxes for the atmo-
sphere are in the range of 300–600 W/m2, and thus Raf

�1019 and Pr�0.7, which are also in parameter ranges con-
ducive for thermal blob formation.

The present theoretical analysis as well as laboratory ex-
periments considered an idealized case of uniform slope
heating, smooth and flat surface, neutral initial stability, and
no pre-existing flow prior to heating. In real atmospheric
cases, however, the slope is rough, uneven, and nonuni-
formly heated; in the morning hours the air layer near the
ground is stable, and pre-existing motions are the rule rather
than the exception. Such effects can have a profound effect
on the criterion for the initiation of anabatic flow, and hence
extrapolation of present results to the atmosphere should be

FIG. 10. Convection on a slope at low heat fluxes ��=3°, Q=30 W/m2,
Pr=10� taken after 1 min of heating.

FIG. 11. �Color online� �a� Critical angle ��c� dependence on the Prandtl
number �Pr� for Pr�20. A linear fit is presented. Surface heat flux was
1000 W/m2. �b� Critical angle ��c� dependence on the Prandtl number �Pr�
for the entire range investigated with surface heat flux of 1000 W/m2. For
Pr�20 a laminar upslope flow layer became evident without forming ther-
mals during the initial development of the upslope flow.
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done with caution. For example, stable stratification blocks
the vertical rise of thermals and facilitates along-slope flow,
nonuniformity of surface temperature causes local secondary
flows on the incline,18 and pre-existing air motions can affect
the mechanism of upslope flow generation.34 Nonetheless, as
discussed, the initiation of atmospheric upslope flow is ex-
pected to be associated with the thermal blob formation
�given that Pr1/2�1� and thus the present work offers a
framework to study more complicated cases of upslope flows
found in nature. It should also be mentioned that the flow in
water tank experiments utilized in our work has some dy-
namical equivalence to atmospheric convection, thus allow-
ing extrapolation of results from one case to another.33,35

Based on the idealized case addressed here, the critical
angle �c for the atmosphere �Pr�0.7� is small, approxi-
mately 0.1°. This observation is consistent with numerous
observations made in the atmosphere that even on gently
sloping surfaces �e.g., as low as 0.18° in the Phoenix
valley4,7� a dominant upslope flow is present.7
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